In this paper, we consider the degenerate poly-Bernoulli polynomials. We present several explicit formulas and recurrence relations for these polynomials. Also, we establish a connection between our polynomials and several known families of polynomials.
Introduction
The degenerate Bernoulli polynomials β n (λ, x) (λ = ) were introduced by Carlitz For  = λ ∈ C and k ∈ Z, the degenerate poly-Bernoulli polynomials Pβ The goal of this paper is to use umbral calculus to obtain several new and interesting identities of degenerate poly-Bernoulli polynomials. To do that we recall the umbral calculus as given in [, ] . We denote the algebra of polynomials in a single variable x over C by and the vector space of all linear functionals on by * . The action of a linear func-
. We define the vector space structure on
, where c, c ∈ C. We define the algebra of formal power series in a single variable t to be
A power series f (t) ∈ H defines a linear functional on by setting
By (.) and (.), we have
H is thought of as set of both formal power series and linear functionals. We call H the umbral algebra. The umbral calculus is the study of umbral algebra. The order O(f (t)) of the non-zero power series f (t) ∈ H is the smallest integer k for which the coefficient of t k does not vanish. Suppose that f (t), g(t) ∈ H such that O(f (t)) =  and O(g(t)) = , then there exists a unique sequence s n (x) of polynomials such that
where n, k ≥ . The sequence s n (x) is called the Sheffer sequence for (g(t), f (t)), which is denoted by
, and
denotes the kth derivative of p(x) with respect to x at x = . So, we get
is the Sheffer sequence for the pair
In this paper, we will use umbral calculus in order to derive some properties, explicit formulas, recurrence relations, and identities as regards the degenerate poly-Bernoulli polynomials. Also, we establish a connection between our polynomials and several known families of polynomials.
Explicit formulas
In this section we present several explicit formulas for the degenerate poly-Bernoulli polynomials, namely Pβ
To do so, we recall that Stirling numbers S  (n, k) of the first kind can be defined by means of exponential generating functions as
and can be defined by means of ordinary generating functions as
where
Sometimes, for simplicity, we denote the function
by G k (t).
First, we express the degenerate poly-Bernoulli polynomials in terms of degenerate polyBernoulli numbers.
Theorem . For all n ≥ ,
the case of degenerate poly-Bernoulli polynomials (see (.)), we have
which completes the proof.
Note that Stirling numbers S  (n, k) of the second kind can be defined by the exponential generating functions as
(e λt -)), and by (.), we
Theorem . For all n ≥ ,
Proof Note that x n ∼ (, t). Thus, by (.) and transfer formula, we have
Therefore, Pβ
- x n-, which, by (.), completes the proof.
Proof By (.), we have
Thus, by (.), we obtain
Note that the above theorem has been obtained in Theorem . in [].
Theorem . For all n ≥ ,
is the multinomial coefficient.
Proof By (.), we have
Note that
. For general k ≥ , the function Li k ( -e -t ) has the integral representation
which, by induction on k, implies
Theorem . For all n ≥  and k ≥ ,
.
Thus, by (.), we obtain
Note that here we compute A = Li k ( -e -t ) | x n+ in several different ways. As for the first way, we have
As for the second way, we have
As for the third way, by (.), we have
Hence, we can state the following result.
Theorem . For all n ≥ ,
Recurrences
In this section, we present several recurrences for the degenerate poly-Bernoulli polynomials, namely Pβ
Note that, by (.) and the fact that (x | λ) n ∼ (,
, we obtain the following identity.
It is well known that if s n (x) ∼ (g(t), f (t)), then we have f (t)s n (x) = ns n- (x). Thus, by (.), we obtain
, which implies the following result.
Proof By applying the fact that s n+ (x) = (x -
, f (t)) and (.), we obtain
Thus, the expression A = e
Note that, by (.), we have
We remark that the expression in the parentheses in (.) has order at least one. Now, let us simplify (.):
Hence, by (.)-(.), we complete the proof.
In the next result we express
we have
which completes the proof. 
